We derive an upper bound for the distinguishability-based non-Markovianity measure of a twolevel system and prove that for certain master equations the exact value of the measure achieves this bound. Furthermore, we obtain an easily calculable lower bound for the divisibility-based nonMarkovianity measure of an n-level system. We illustrate the calculation of these bounds through examples, considering in detail the spin-boson model. We show that the differences between the two measures in the spin-boson model are caused by the drift vector that is also responsible for the non-unitality of the dynamical map.
I. INTRODUCTION
Non-Markovian processes occurring in open quantum systems have become an active research topic during the recent years [1] . The rapid pace of research and the lack of a unique, widely accepted definition of quantum non-Markovianity is evidenced by the large number of quantum non-Markovianity measures and witnesses presented in the literature. These are based, for example, on the divisibility of the dynamical map [2, 3] , distinguishability of quantum states [4] , quantum Fisher information [5] , quantum mutual information [6] , volume of dynamically accessible states [7] , non-unitality of the dynamical map [8] , quantum channel capacity [9] , kdivisibility [10] , and quantum regression theorem [11, 12] .
The most commonly used non-Markovianity measures appear to be those based on the divisibility [3] and distinguishability [4] . In some special cases these give the same criterion for non-Markovianity, but it is known that in general the divisibility measure provides a more sensitive probe of non-Markovian dynamics than the distinguishability measure [1, 8, [13] [14] [15] . The calculation of the distinguishability measure requires an optimization over pairs of initial states. Although this optimization can be simplified by choosing the initial pairs to be orthogonal states on the boundary of the state space [17] , it nevertheless is a time-consuming task that includes the possibility of not finding the optimal (or even close to optimal) initial state pair. The calculation of the divisibility measure, on the other hand, does not require any optimization procedure. If the master equation is known, the value of the divisibility measure of an n-level system can be given in terms of the eigenvalues of an (n 2 − 1) × (n 2 − 1) matrix. The numerical evaluation of the eigenvalues is fast even for a rather large n, but their analytical calculation is in general impossible if the system has more than two levels. * harri.makela@aalto.fi
In this paper, we address these issues by deriving an upper bound for the distinguishability-based measure of a two-level system and a lower bound for the divisibilitybased measure of an n-level system. The upper bound can be calculated without the need to optimize over intial state pairs. Moreover, for some master equations the actual value of the distinguishability measure reaches the upper bound. The lower bound for the divisibility measure, on the other hand, can be obtained analytically regardless of the dimension of the system and provides a sufficient condition for the dynamical map to be nondivisible.
This paper is organized as follows. In Sec. II, we present the general form of the master equation of a two-level system and and introduce the canonical form of the master equation of an n-level system. In Sec. III, we define the distinguishability-based non-Markovianity measure, derive an upper bound for it in the two-level case, and prove that for certain master equations the exact value of the measure equals the upper bound. In Sec. IV, we introduce the divisibility-based nonMarkovianity measure and obtain a lower bound for it. In the case of a two-level system, the lower bound highligts the importance of the so-called the drift vector in making the dynamics non-Markovian. We give examples of the application of our results in Sec. V, concentrating on the spin-boson model. We show that in this system the differences between the two measures can be attributed to the drift vector. Finally, conclusions are presented in Sec. VI.
II. MASTER EQUATION A. Master equation in the Bloch vector notation
We first consider the differential equation governing the time evolution of a two-level system. We write the state of the system at time t as
where I 2 is the identity matrix,
T is the Bloch vector, σ = (σ 1 , σ 2 , σ 3 ) is a vector consisting of the Pauli matrices, and T denotes the transpose. The master equation can be written in terms of the Bloch vector as
Here v(t) = (v 1 (t), v 2 (t), v 3 (t)) T ∈ R 3 and D(t) ∈ M 3 (R), where M 3 (R) is the set of all real 3 × 3 matrices. The vector v and matrix D are called the drift vector and damping matrix, respectively. In this paper we take the initial time to be t = 0. The solution of Eq. (2) can be expressed with the help of a vector w(t) ∈ R 3 and a matrix N (t) ∈ M 3 (R) as
where the functions w and N are obtained as the solutions of the equations
The state of the system at time t can be given with the help of a linear map Φ t : M 2 (C) → M 2 (C). As {I 2 , σ 1 , σ 2 , σ 3 } is a basis of M 2 (C), Φ t is uniquely determined by defining its action on these matrices. Using Eq. (3), we find that
For the map Φ t to describe physically well-defined time evolution, it has to be trace preserving and completely positive (CP). From Eqs. (6) and (7) it follows that Φ t is trace preserving. In the rest of the paper we assume that the master equation is such that Φ t is also CP for any t ≥ 0. In the example including numerical studies on the spin-boson model we check for the complete positivity of Φ t explicitly. We call Φ t a dynamical map and denote by Φ = {Φ t | t ≥ 0} the set of all dynamical maps. For later use, we define here the concept of a unital map. A map is said to be unital if it preserves the identity element. The dynamical map of a two-level system specified in Eqs. (6) and (7) is unital if and only if w(t) = 0. Additionally, from Eq. (4) we see that if the drift vector v(t) vanishes for every t ≥ 0, then Φ t is unital for any t ≥ 0.
B. Canonical form of the master equation
In this paper, we make use of the so-called canonical form of the master equation. In the following, we describe the canonical form only briefly and refer the reader to [16] for more details. We begin with the result that the master equation of an n-level system can be written as
where G i ∈ M n (C) are hermitian matrices such that
, and H(t) ∈ M n (C) is hermitian. The so-called dehoherence matrix d(t) is a hermitian (n 2 − 1) × (n 2 − 1) matrix and can thus be diagonalized and has real eigenvalues. Denoting the diagonal matrix consisting of the eigenvalues of
, where U (t) is a unitary matrix consisting of the normalized eigenvectors of d(t). By defining the decoherence operators as L j (t) =
where
are the eigenvalues of d(t). For a two-level system we define
Assuming that the system is governed by the master equation (2), we find that the Hamiltonian reads
and the decoherence matrix becomes
where we have defined
III. DISTINGUISHABILITY-BASED MEASURE
A. Definition
We first quantify non-Markovianity using the distinguishability based measure presented in Ref. [4] . According to the definition of this measure, Markovian dynamics either reduces or keeps unchanged the distinguishability of physical states, whereas non-Markovian dynamics increases the distinguishability. The distinguishability of two states ρ 1 , ρ 2 is characterized by the trace distance of these states and non-Markovian dynamics is indicated by
Here A 1 = Tr √ A † A is the trace norm. The amount of non-Markovianity accumulated in the time interval [0, ∞) can be quantified by
B. Upper bound for N dst (Φ) in a two-level system
Assume that ρ j (t), j = 1, 2, is the state of a two-level system at time t. We denote the Bloch vector of ρ j (t) by λ j (t) and define
For a Hermitian matrix A ∈ M n (C) we have
Since the time evolution of the Bloch vector difference is determined by the equation
For any symmetric matrix A ∈ M n (R) and a vector x ∈ R n we have the inequality
where γ A max is the largest eigenvalue of A. The equality holds if x is an eigenvetor corresponding to the largest eigenvalue of A. We thus have the upper bound
As has been pointed out in Ref. [16] , a necessary and sufficient condition for N dst (Φ) to be equal to zero is that
for any t ≥ 0. An upper bound for Eq. (17) can be obtained by using the inequality Ax ≤ A x , where the matrix norm of A ∈ M n (R) is defined as A ≡ max x =1 Ax = γ A T A max . Because δλ(t) = N (t)δλ(0) and δλ(0) ≤ 2, we find that
Hence we have the inequality
We show next that if the damping matrix fulfills certain conditions, it is possible to calculate the value of the distinguishability measure exactly without a need to maximize over the initial state pairs. The idea is to show that in some cases it is possible to find a δλ(0) for which the corresponding value of σ equals the upper bound given in Eq. (19) for any t for which σ is positive, indicating that N dst (Φ) = N ub dst (Φ). We begin by writing Eq. (16) in an alternative form as
Assume that
for any t, t ′ ≥ 0. From Eq. (22) it follows that the solution of Eq. (5) can be written as N (t) = exp t 0 ds D(s) and that the product N T (t)N (t) becomes
Condition (ii) implies that D(t) + D T (t) is diagonal and hence
Choosing δλ(0) = 2(δ 1k , δ 2k , δ 3k ), where k ∈ {1, 2, 3} and δ ij is the Kronecker delta, and using Eqs. (21), (25), and (26) we find that
We define Γ min (t) ≡ min{Γ i (t)}, so that N (t) = e −Γmin(t) . Assume finally that for a fixed k ∈ {1, 2, 3} we have 
During the time intervals (a i
Although it may be possible to extend the approach used here to a system with three or more energy levels, this is not straightforward. While the Bloch vector representation can be generalized to a system with any number of levels [18] , the equation
is not valid if the number of levels is higher than two. This equation can be made to hold for any dimensional system if the distance between quantum states is defined using the Hilbert-Schmidt norm instead of the trace norm. The Hilbert-Schmidt norm of A ∈ M n (C) is defined as A HS = Tr[A † A]. Unfortunately, as has been pointed out in Ref. [19] , the Hilbert-Schmidt norm is not suitable for the definition of non-Markovianity as the distance of two states can increase under a trace preserving CP map if this norm is used.
IV. DIVISIBILITY-BASED MEASURE

A. Definition
An alternative way to define non-Markovian dynamics is based on the divisibility of the dynamical map Φ t [2, 3] . If the dynamical map of an n-level system can be written as Φ t = Φ t,s Φ s , where Φ t,s is a linear, trace preserving, and CP map for any 0 ≤ s ≤ t, then Φ t is said to be divisible. Non-Markovian dynamics is identified with nondivisibility and it is witnessed by a non-negative function g div defined as [3] 
where φ is the maximally entangled state φ ≡ 1 √ n n i=1 |i ⊗ |i . Here {|1 , |2 , . . . , |n } is an orthonormal basis of the n-level system. Non-Markovian dynamics at time t is equivalent with g div (t) being positive, whereas Markovian dynamics corresponds to g div (t) = 0. The total amount of non-Markovianity occurring in the time interval [0, ∞) can be quantified by the nonMarkovianity measure defined as [3] 
In Ref. [16] , it has been shown that the function g div can be obtained in terms of the eigenvalues of the decoherence matrix d(t): For an n-level system g div (t) becomes
By noting that
this can alternatively be written as
Clearly the dynamical map is non-divisible if Tr[d(t)] < 0.
B. Lower bound for N div (Φ) in an n-level system
The value of g div (t) is determined by the eigenvalues of d(t). The analytical calculation of these is typically impossible if n is larger than two. Hence, it would be helpful to have a way to estimate the value of g div without the need to know the eigenvalues of the coherence matrix. This turns out to be possible using the fact that the trace norm and Hilbert-Schmidt norm are related by the inequality
With the help of Eqs. (34) and (35) and the hermiticity of d(t) we obtain the following lower bound for g div (t)
The corresponding non-Markovianity measure is defined as
C. Lower bound for N div (Φ) in a two-level system
In the case of a two-level system the expression (36) can be simplified. We denote by d 0 (t) the decoherence matrix obtained by setting the drift vector v(t) equal to zero in Eq. (11),
, the lower bound of Eq. (36) becomes now
where in the lower equation we do not show the time argument. If Tr[D(t)] > 0, the non-divisibility of the dynamical map is guaranteed regardless of the value of v(t) . If Tr[D(t)] ≤ 0, the drift vector plays an important role in making the dynamical map non-divisible: A sufficient condition for the non-divisibility is that
. (40) Note that the requirement of the complete positivity of the dynamical map may impose conditions on the allowed values of v(t) .
V. EXAMPLES
In this section we show examples of the calculation of the bounds of the non-Markovianity measures in the case of three commonly used master equations. These are the phase damping, amplitude damping, and spin-boson master equations.
A. Phase damping
The phase damping of a two-level system is described by the master equation
For this equation the drift vector vanishes and the damping matrix reads
The eigenvalues of 
The lower bound for g div (t) becomes g lb div (t) = |γ p (t)|− γ p (t), which in this case equals the exact value of g div (t). It follows that N lb div (Φ) = N div (Φ).
B. Amplitude damping
The master equation characterizing amplitude damping is
where σ ± = 1 2 (σ 1 ± iσ 2 ). The damping matrix and drift vector are
It is easy to see that equations (22) and (23) hold. Because γ
we have γ 28) is fulfilled and N dst (Φ) is given by Eq. (29) with Γ min (t) = t 0 ds γ a (s). The initial state pair yielding the maximal amount of non-Markovianity is ρ 1,2 (0) = 1 2 (I 2 ± σ 3 ), as has been suggested by many authors [4, 20, 21] .
A direct calculation utilizing Eq. (38) yields the lower bound g
Similarly to the case of the phase damping model, this lower bound equals the exact value g div (t) and
C. Spin-boson model
Hamiltonian
As the last example we consider a two-level atom with energy level separation ω A coupled to an environment consisting of harmonic oscillators. The total Schrödinger picture Hamiltonian reads ( = 1)
where H S , H E , and H I are the system, environment, and interaction Hamiltonians, respectively, * indicates the complex conjugate, the index m labels the modes of the environment, ω m is the frequency of the mth oscillator, g m is a mode-dependent coupling constant, and
The non-Markovian dynamics occurring in this system has been previously studied in Refs. [21] [22] [23] . We assume that the interaction between the open system and the environment is weak and that the initial state of the total system factorizes as ρ(0) ⊗ ρ E , where ρ E is the initial state of the environment.
In the case of a weak system-environment interaction, the master equation can be written as in Eq. (2) with the drift vector and damping matrix defined as (see [21, 22] )
and
In these equations the superscripts r and i denote the real and imaginary part, respectively, and the functions v 3 and g are defined as
Typically K 1 and K are referred to as the noise and dissipation kernel, respectively [24] .
Distinguishability measure
Conditions (i) and (ii) given in Eqs. (22) and (23) are not valid for the damping matrix of Eq. (47), and hence the value of N dst (Φ) cannot be determined exactly using Eq. (29). Instead, we calculate the upper bound N ub dst (Φ) and compare it to the numerically obtained value N dst (Φ). We assume that the environment is in the vacuum state corresponding to the thermal equilibrium state at zero temperature and make the replacement (50) and (51). Here J is the Ohmic spectral density with a Lorentz-Drude cutoff,
where α characterizes the strength of the systemenvironment coupling and Ω is the cutoff-frequency. It defines the system correlation time as τ c = 1/Ω. The relaxation time is τ r = 1/g r (∞). We have checked numerically using the approach described in Ref. [21] that the dynamical map is CP for the parameter values used here.
The largest eigenvalue of
and thus the upper bound for the distinguishability measure becomes
The system is Markovian, N dst (Φ) = 0, if and only if g i (t) = 0 and g r (t) ≥ 0 (55) for every t ≥ 0. To obtain an analytical estimate for N ub dst (Φ) we use the approximate expression N (t) ≈ e −t/τr . Since in the weakly interacting system studied here the relaxation time is much longer than the correlation time, we replace g(t) with g(∞) in Eq. (54), finding that
where ν =
The dynamics is (nearly) Markovian if ν = 0. Similar result has been obtained using an alternative approach in Ref. [21] . In Fig. 1(a) , we plot N dst (Φ) together with the upper bound N ub dst (Φ) and its approximate expression given in Eq. (56). The location of the minimum, as well as the overall behavior of the measure, is quite well estimated by N ub dst (Φ). Furthermore, the relative error between the exact and analytical expression for the upper bound is small everywhere else except near the region where the non-Markovianity is very small.
Divisibility measure
Direct calculation using Eqs. (39), (46), and (47) yields the lower bound for g div (t) as
Necessary conditions for the dynamical map to be divisible are that
The exact value of g div (t) can be obtained in terms of the eigenvalues of the decoherence matrix. These are 
Hence the necessary conditions for the divisibility given in Eq. (58) are also sufficient conditions. In all three examples considered in this paper, the lower bound g lb div (t) has given exactly the same conditions for the divisibility of the dynamical map as the exact value g div (t). Comparing Eqs. (55) and (58) we observe that the differences between the two non-Markovianity measures are caused by the drift vector. Assuming that v 3 (t) = 0 for any t ≥ 0, we have the implications
. Note that the condition that the drift vector vanishes for any t ≥ 0 is a necessary and sufficient condition for Φ t to be unital for any t ≥ 0. Hence the distinguishability and divisibility measures give an identical condition for non-Markovianity in the spin-boson model if the dynamical map Φ t is unital for any t. However, typically the drift vector is nonzero at some point of time and the two measures are not equivalent.
For the Ohmic spectral density g div (t) is negative if t > 0, indicating that the system is non-Markovian for an infinitely long time interval. Similar phenomenon, referred to as eternal recoherence, has been observed in an other model in Ref. [16] . Since the limit lim t→∞ g div (t) is now finite, the divisibility measure diverges. One possible way to make the measure finite is to define a modified divisibility measure as
The norm of N (t) acts as a suppressing factor yielding the integral finite. A lower bound for N div (Φ) can be obtained by replacing g div (t) with g lb div (t) in this equation,
We show N div (Φ) and N lb div (Φ) in Fig. 1(b) . The behaviour of the exact value is seen to be well estimated by the lower bound.
VI. CONCLUSIONS
In this paper, we have studied the properties of the distinguishability and divisibility-based non-Markovianity measures. We have derived an upper bound for the distinguishability-based non-Markovianity measure of an arbitrary two-level system. This bound is directly obtained from the dynamical map of the system and does not require any optimization procedure. We found that for master equations fulfilling certain conditions, the exact value of the measure equals the upper bound and the initial state pair yielding the maximal non-Markovianity is easily identified.
Similarly, we obtained a lower bound for the divisibility measure of an n-dimensional system. Unlike the exact value of the measure, this lower bound can be calculated without the need to know the eigenvalues of the decoherence matrix and hence provides a convenient analytical tool to study the divisibility-based non-Markovianity measure. This is particularly useful if the dimension of the system is higher than two.
We calculated these bounds in the context of the phaseand amplitude-damping master equations and the spinboson model. In all these systems, the lower bound and the exact expression for the divisibility measure provided identical conditions for the divisibility of the dynamical map. Furthermore, we found that for the phase-and amplitude damping master equations, the upper bound for the distinguishability measure and the lower bound for the divisibility measure are equal to the exact values of these measures. In the case of the spin-boson model, the upper and lower bounds estimate the behaviour of the exact values well and the differences between the two measures are related to the non-unital character of the dynamical map.
